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Experimental demonstration of realizability of optical focus wave modes

Kaido Reivelt and Peeter Saari
Institute of Physics, University of Tartu, Riia 142, 51014 Tartu, Estonia
(Received 31 July 2002; published 26 November 2002

The homogeneous scalar wave equation has a number of so-called localized Wgvsolutions, instan-
taneous, Gaussian pulselike intensity distribution of which propagates without any spread or distortions in free
space. Despite the undoubtedly intriguing properties and considerable effort that has been made to implement
such wave fields, in the optical domain only their limiting case—the so-called B¥spalses—has been
experimentally launched so far. In this paper we report on experimental evidence of the optical realizability of
the “fundamental” special case of the LW's—the focus wave modes.
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[. INTRODUCTION optical generation of FWM'§16] as well as the principles of
our setup are valid and can be used to carry out further ex-
During the last two decades it has been established thgeriments in this field.

the homogeneous wave equation has a number of so-called We start by presenting a short overview of the properties
localized wave (LW) solutions, instantaneous, Gaussian©Of the FWM's in Sec. II. Then, in Secs. Il and IV, we give
pulselike intensity distribution of which propagates without the general idea and the mathematical description of the ex-
any spread or distortions in free spa«gee Ref[l] for a periment. In Sec. V we give the details of the setup. The
general review, also Refi2—27), and references thergirin results of the experiment and their discussion are presented
a theoretical limit, the spatial amplitude distribution of in Sec. VI.
optical-domain LW solutions may consist of an intense cen-
tral peak of micrometer diameter on a sparse low-intensity Il. THE FUNDAMENTAL LOCALIZED WAVE
background that travels without any transversal and/or lon- SOLUTIONS—FOCUS WAVE MODES

itudinal spread in free space. In realizable optical systems, .
fgor finite-er?ergy and finiteF-)aperture wave fields?, the dgpth of The focus wave modes are the most widely known LW
such an invariant propagation is finite, yet it consideranySOIUt'onS of the scalar homogeneous wave equation. In terms
exceeds the length of the waist of common focused fields. of the angular s_pectrum of plane waves they can be described

The spatial and temporal localization makes the impleY the expressiopll,16-1§

mentation of LW solutions very attractive for applications o
where the lateral an¢br) transversal diffractional spread of F(p,z,t)=J dk a(k)Jo[kp sin 6(k)]
optical wave fields is a major limitation of the system per- 0
formance(e.g., optical communication, metrology, monitor-

ing, imaging, terahertz and femtosecond spectroscopy

BesselX pulses, that has been accomplished in an opticgk the zeroth-order Bessel function of the first kind and we
experiment so faf14,15. The ideas that have been proposednayve denoted

for generation of more complicated LW solutiofsee, e.g.,

Refs.[1,4-7], and references thergiare hardly realizable in y(k—2p8)

optical domain. 9F(k)=arCCO%T
In our recent publication§16—18 we proposed an ap-

proach, how the complex optical LW solutions can be experiyhere y and 8 are constants. Thus, the Ed) can also be

mentally realized by making use of the wavelength dispergiyven the form

sion of cone angl¢axicon angl¢ of Bessel beam generators.

X exf ik{z cosfr(k)—ct}]. D

; 2

In particular, we showed that good approximations to the . o i
fundamental LW solutions—focus wave mod&WM’s) F(p.z,t)=exd —i2Bvz] jo dk a(k)Jo[kp sin O (k)]
[2,3,11,18—can be generated by a combination of an axicon

and a circular diffraction grating. xexdik(zy—ct)]. 3

In this paper we present the experimental proof of the

validity of this approach. As the first logical step we define a The expressiofl) is essentially a cylindrically symmetric
wave field that we call a two-dimensional FW{D FWM) superposition ~ of  monochromatic  Bessel beams
and show that it shares all the characteristic properties of thay[ kp sin dlexdik(zcosé—ct)] [19] and Eq.(2) determines
FWM's. Also, we will show, that the optical generation of the support of angular spectrum of plane waves of the wave
the two are in principle identical. Then we introduce ourfield [see Fig. 1a) for an exampl¢ The constanty deter-
optical setup, designed for the generation of the 2D FWM’'smines the group velocity of the wave field ag=c/y and
The results of the experiments prove that our general idea gfarameter B has an interpretation as being the wave num-
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k ‘(lolradcm") The wave field(1) has been shown to possess the follow-
o) ing propertied11,16-18.
(1) The wave field can be constructed so that its instanta-
41 & neous intensity distribution has a narrow on-axis central peak
0 . . . .
251 6: (ko) k, of the diameter of few micrometers. The pulse’s longitudinal
' : ! profile is generally that of the corresponding transform-

05 1 15 (10°radcm
Vi padleee) limited Gaussian pulsgsee Figs. (c) and 1d)].
(2) The spatial shape of the central peak does not change
or spread, neither transversally nor longitudinally in the

course of propagation in free space.
@ (3) Generally the on-axis phase velocity of the wave
packet is different from its on-axis group velocity, the differ-
ence being determined by the constghtin Eq. (2). The
effect is also known as the local variations of the central
peak of the wave fieldsee Refs[1,20], and references
therein.

(4) The wave packets with different on-axis group veloci-
tiesv9 can be constructed from Eqd) and (2).

(5) The limiting caseB=0 in Eq. (1) yields the simplest
class of LW's—X pulses and Bess&-pulses[21-27. For
them not only the instantaneous intensity distribution but
also the field itself propagates without any change along the
optical axis having equal phase and group velocities, both
necessarily superluminal.

In our opinion the peculiar properties of the FWM's can
be given physically the most transparent interpretation by
treating them as the cylindrically symmetric superpositions
of the interfering pairs of certain tilted pulsg2Q] (this ap-
proach has also been used to discuss the propertiésyqfe
pulses, in this case the components of the interfering pair are
the limiting case of the tilted pulses—plane wave pulses
[14]). In this representation the spatial amplitude distribution
of the FWM’s can be expressed as

-

iignsity (arb. units)

F(p,z,t)= jowdq’)[T(x,y,z,t; d)+T(X,Y,2,t;p+ )]

Ejowd¢F2D(x,y,z,t;¢), 4

whereT(X,y,z,t; ¢) is the spatial amplitude distribution of
the tilted plane wave pulses, which in the spectral represen-
tation is given by

FIG. 1. On the general description of the FWM’'s and 2D
FWM's. The examples here were calculated with the following pro- w
tect B=40radls, y=1 giving 6Orwm(ke)~1.3° if kg T(x,y,z,t;¢)=f dk a(k)exd ik{x cos¢ sin 6g(k)
=7.8x10° rad/m (\,~800 nm), the frequency spectruafk) is 0
uniform between the wavelengths 600 to 1000 nfa the : : _
k,k,-plane section of the support of the angular spectrum of plane Ty sing sin (k) +zcosd(k) —cti,
waves of the wave fieldgote that for FWM's the support is of the (5)
cylindrical symmetry, (b) the spatial amplitude distribution of the
2D FWM in xz plane,(c) the spatial amplitude distribution of the where the angular functioéc(k) is defined by Eq(2). From
FWM in xz plane,(d) the central part of the instantaneous intensity Egs. (4) and (5) we get
distribution of the FWM.

FZD(X,y,Z,t;¢)
ber of the plane wave component of the angular spectrum

that propagates perpendicularlyzaxis[see Fig. 1a)]. The N . :
FWM's have also been called “fundamental” LW solutions o dk a(k)cos[ksin dr(k)(x cos¢+y sind)]
because they have been used to construct the more general

classes of LW'{1,11] X exf ik{z cosfr(k) —ct}]. (6)
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the following interpretation:

(1) The localized central peak of FWM's is simply the
well-known consequence of taking the axially symmetric su-
perposition of a harmonic functiofsee Refs[14,19 for
example. Indeed, the interference of the two transform-
limited ftilted pulses in Eq(6) gives rise to the harmonic
interference pattern, the transversal width of which is propor-
tional to the temporal length of the tilted puls€s and the
central peak arises because in the superposition constructive
interference occurs only on the optical axis. Formally, the
cos() function in Eq(6) is replaced byly() in Eg. (1) [com-
pare Figs. (b) and Xc)].

(2) The central peak does not spread because the support
of the angular spectrum of plane waves of the tilted puise
FWM) is constructed so that the group velocity of the wide-
band wave packet along tleaxis is constant over the entire
bandwidth[16—-1§. Indeed, as

SR
vi=| =) (7)

the Eq.(2) yields
k,=k cosf:(k)=yk—2By 8

for the z-axis component of the wave vector, so that we get

v9=const=c/y. 9

The property can also be given a wave optical interpretation.
Namely, it can be seen from Fig(k, that the longitudinal
length of the tilted pulses generally depends on the transver-
sal coordinate and the tilted pulses have a “waist.” The re-
lation (8) essentially guarantees that the waist propagates
along the optical axis and does not spread—in this case the
central peak of the corresponding cylindrically symmetric
superpositions, FWM'{1), also remains transform-limited
as it propagates.
(3) The difference of phase and group velocities along the
ic) optical axis is a direct consequence of the fact that the pulse
and phase fronts of the tilted pulses are not parfle] (see
FIG. 2. On the properties of the tilted pulsé€a) an excerpt of Fig. 2, also Ref[20] for the relevant discussion
the spatial amplitude distribution of a tilted pulse, hegeandv, (4) The group velocity of the wave field can be set by
denote group and phase velocities respectivielyand A, are the changing the parameterin Eq. (2) or (8). Figure 2b) gives
wave vector an.d the Wa.veleng.th of the .plane wave of the carrief, o oftect a clear physical interpretation—it can be seen, that
wave numbert is an arbitrary time and) is the tilt angle of the c}he on-axis group velocity of the wave field in a simple geo-
pulse,(b) the amplitude of the tilted pulse in larger scale, the dashe .
line marks the plane of equal intensity of the tilted pulse so that théﬂeu‘IC manner quends on the ang‘lebetwe_en the phase
and pulse fronttilt angle), and also on the direction of the

“waist” of the tilted pulse can be clearly seeft) a geometrical f th f The f fth
illustration to the fact that the difference between the phase ani/aV€ Vector of the mean frequency. The free range of the

group velocities of the tilted pulses is a direct consequence of th@arametersy and g can be deduced by means of simple
tilt between the phase fronts and the pulse front. geometrical considerations. First of all, the angular spectrum
of plane waves of the wave field should not contain any
[An example of the spatial amplitude distribution of the tilted backward propagating plane waves components for which
pulse in Eq.(5) is depicted in Fig. @), the spatial amplitude k,(k)>0 if we want the wave field to be causal for genera-
distribution of the corresponding superposition of two tiltedtion with a planar source. Also, as the propagation length of
pulses in Eq(6), and FWM's in Eq.(1) are depicted in Figs. the central peak of the FWM is inversely proportional to the
1(b) and Xc), respectively central cone angl®@g(ky) [16,19, the angular spectrum of
The representatio¥) gives the properties of the FWM’s plane waves of the wave field should subtend only paraxial

056611-3



K. REIVELT AND P. SAARI PHYSICAL REVIEW E66, 056611 (2002

angles to the optical axis, i.e., the condition ép&)~1
should be satisfied in the entire spectral range of the wave
field.

It is easy to see, that all the presented arguments are
equally valid for the superpositions of tilted pulses in E).
and for its cylindrically symmetric counterparts—FWM'’s.
Thus, we can state that the defined interfering pair of tilted
pulses, inclined with respect to each other under the angle
260 (kg), possesses all the characteristic properties of
FWM's. This equivalence is also obvious if we compare the
corresponding mathematical expressigqid$ and (6)—the
two are similar if we takep=0 and the polar coordinajeis
understood as the transversal coordinaie Eq. (6). In fact,
the physics behind the two wave fields is similar to the de-
gree, that we will call the wave fiel@®) as 2D FWM in what
follows. Moreover, due to the more transparent physical in-
terpretation, we will concentrate mostly on the 2D FWM's in
present paper.

It is important to note that the exact form of the frequency
spectruma(k) in Egs. (1) and (6) is not restricted by any
means. This is a direct consequence of the fact that the most
important property of FWM’s and 2D FWM’'s—their non- ()
spreading propagation—is assured by the condit®ni.e.,
by thesupportof the angular spectrum of plane waves of the
wave fields[20]. Consequently, the spatial shape of the in-
stantaneous intensity distribution of the FWMthe pres-
ence of the sharp central peak, for exampietermined also
by the frequency spectrum(k) is not their most essential
characteristic. Instead the FWM's should be described as
wave fields that preserve their instantaneous intensity distri- 0
bution, whatever it is. However, there is a common feature ©
that can be attributed to all optically reasonable FWM’'s—the ¢
characteristicX branching[see Figs. (b) and Xc)]. Though , .
the transversal width and exact shape of the central, interfer- k)“(lo rad em™)
ing part of the “X” depend on bandwidth and relative phases st
between the spectral components, its overall presence is en-
coded into the support of the angular spectrum of the plane 4+
waves.

It has to be emphasized that the representati@hgnd
(6) are not strictly physical in the sense that the total energy 05
flow they contain is infinite. This inconvenience has been )]
addressed in several works, mostly by deriving various finite ) _
energy flow approximations to FWM's that could also be FIG. 3. (&) The FWM generator consist of an axicérand of an
launched from finite aperturesee Refs[1,4—7], and refer- qlrcular dlffractlonal gratlng .G(or two wedges and linear diffrac-
ences therein In the context of present paper the most con-tional grating, respectively, if we generate 2D FWM'the FWM
venient approach is the one proposed in our recent public§2n Pe observed in the conical volurtetriped region behind the
tion Ref.[18]. In this paper we gave a simple mathematicaldlﬁracnon grating;(b) The support of the angular spectrum of plane

description of the effect of finite aperture to the outcome of aves of the initial wave field on the FWM generatsolid line).
the optical setup implemented in present work and demon'jere and hereafter the dotted line denotes the support of angular
P p Imp P pectrum of plane waves of tHgD) FWM under discussion, the

strated that in such setups the finite aperture of the optic ashed lines denote the bands of the frequency spectrum of the light

system automatically eliminates the infinite energy flow so,qoq in our experiment@ote the difference in scales betwelen

that the generated wave field is strictly physical. In fact, theynq i axig: (c) The support of the angular spectrum of plane
only qualitative effect the finite-energy approximation intro- ayes behind the axicord) The support of the angular spectrum

duces is the finite propagation length of the wave fields. Thet pjane waves at the exit of the FWM generator as compared with
results of this paper confirm the validity of this approach. the theory.

9--
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IIl. THE GENERAL IDEA OF OPTICAL GENERATION . .
OF FWM'S pulses propagating at anglég and — 6, relative to the op-

tical axis[see Fig. 8a)]. Obviously we can introduce a tilt
The general idea of optical generation of FWM's can beinto the angular spectrum of plane waves by means of the
introduced as follows. Consider the pair of plane waveangularly dispersive elements like diffraction gratings or
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prisms (wedge$. Provided that the resulting tilted pulses =2

overlap, we can observe the interference of two tilted pulses | VP& g e T 5"'9'-5":1 """ 7
in near-axis conical volumgsee the striped region in Fig. ! .:%%fm BSE { 0 |
3(a)]. If the support of the spectrum of the plane wave com- ' ersnl| 2 ' :
ponents of the tilted pulses is the one described by the Eq i

(2) and if we ignore for the while the diffractional edge effect 2

that appears due to the finite aperture of the optical elements y {

the interference pattern in the near-axis volume is that of the & 1l

2D FWM'’s described by Eq6). Consequently, in this ap- .ﬁ}} W1 M1
proximation the optical generation of 2D FWM'’s reduces to AL 7" pu N

the modeling of a set of diffractive elements that transform w72

the support of the angular spectrum of plane waves of the L2

input wave figld so that the angular dispersion of t,h_e O_UtPUt FIG. 4. Experimental setup for generating 2D FWM'’s and re-
pulse approxm:ates the Ohe fjescr'bed by _the Cond'“f)” in EQ:ording its interference with plane wave pulses. The FWM genera-
(2) and to the “compression” of the resulting wave field by 1o can be seenin grayed ardd’s, mirrors;L’s, lenses; BS’s, beam

compensating for the relative phases between its monochrpjitters; W's, wedgesG, diffractional grating; AL, Xe-arc lamp;
matic components so that a transform-limited pulse appearsy; pinhole.

on the optical axis. The former problem has been resolved in
Ref. [16]—it has been shown that a good approximation totions are chosen so that the angied,, 65(k) are positive
the tilt of the angular spectrun2) can be generated by in Fig. 3a), first-order diffraction is assumgd
means of the combination of a prism and a diffraction grat- |n our experiment we implemented a 2D FWM with fol-
ing. The latter task will be discussed later in present paperjowing parameters: 3=40 rad/m, y=1 giving 6¢(ko)

The cylindrically symmetric case in Egél) and(4) can  ~0.26° if ky="7.8x 10 rad/m (\,~800 nm)[see Fig. 1c)
be considered as a straightforward generalization of this affor the corresponding theoretical spatial amplitude distribu-
proach. In this case the prism and diffraction grating arejon and Ref.[16]]. The optimization of the parametets
replaced by their circularly symmetric counterparts—axicong, and d in Eq. (10) yields a=1.204x10 2 rad, d
and a circular diffraction gratingsee Ref[16]). The cylin-  =3749<10°*m and 6,=9.468<10 3rad [see Figs.
drically symmetric counterpart of the initial superposition of 3(h—g) for the transform of the support of the angular spec-
the two plane wave pulseghe BesseX pulse orX pulse  trym of plane waves introduced by the optical elemgrtae
[21,25—-27—can be generated by means of a combination otomparison of the angular spectrum support, determined by
a circular slit and a Fourier lerjd4]. Eq. (10) to the one of the FWM in E¢(2) is depicted in Fig.

In this paper we experimentally implement the former, 3(q).
essentially one-dimensional case of the general idea and op- we used interferometric cross-correlation methods with
tically implement 2D FWM's. We decided so mostly becausetime-integrated intensity recording to study the generated
the physical concept is much more clear in this sort of exyave field. The FWM generator has been placed in what is
periments. However, it also appeared that the fabrication angasically a specially designed, modified Mach-Zehnder inter-
polishing of a high-quality, large aperture concave conicakerometer. The interferometer consists of two beam splitters

surface is still a complicated task. and identical broadband nondispersive mirrors. The input
field from the light source is split by the beams plitter BS1
IV. SETUP into the fields that travel through the two arms of the inter-

) ) _ o ferometer, the one with the FWM generator and the arm for
The setup of our experiment is depicted in Fig. 4. Theyne reference beam. The mirroks5 andM6 form a delay
main part of it is the FWM generatgsee grayed area in Fig. |ine; they were translated by the Burleigh Inchworm linear
4). The FWM generator is placed into an arm of an mterfer-steIO motor, the Jum translation step of which was reduced

ometer. _ _ to 65 nm by a transmission mechanism. The miivbf was
The FWM generator consists of the mirrdvs7 andM8,  continuously translatable as to correct for the time shift be-

the two wedgedV1l andW2, and a blazed diffraction grating yeen the two tilted pulses. The wedge& andW2 were
G. The Snell's law and the grating equation yield the follow- yransversally translatable so as to balance the material disper-
ing equation for the direction of propagation of the mono-gjgp, they introduce to the plane wave pulésse text below
chromatic plane wave component behind the elemigéb We used Kodak Megaplus 1.6i charge-coupled de(@@D)
camera with the 15341024 matrix resolution and 10 bit
pixel depth. The linear dimensions of the matrix are
13.8 mmH) X 9.2 mm(), the pixel size is umx9 pm.

(10) A very challenging part of the setup is the light source—

computer simulations, or even simple geometrical estima-

herea is the angle of the wedged,is the groove spacing of tions show that if the autocorrelation time of the source field
the diffraction grating, is the angle the initial plane wave 7 exceeds-10 fsec, the characteristitbranching see Figs.
pulse subtends to the optical axis, am) is the refractive  1(b)and Xc)] occurs too far from the axig and in this
index of the axicon and grating materighe sign conven- narrow-band limit the resulting wave field would be nothing

1
—a+ arcsif(—sin( 0o+ )

2
sinHG(k)zann(k)sin (k)
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P 74 mm . propagation in the wedges. The beam splitters in our setup
Stiguat Lt i) are identical and if we set them perpendicularly and orient
the coated sides so that each beam passes the glass substrate
of the beam splitter twice, the arms of the interferometer
remain balanced. The influence of the propagation between
the elements can be made negligible by placing them close to
each other. The character of the undesirable dispersion in the
wedges can be estimated from the following considerations.
The entrance wave field on the wedges is the transform-
limited BesselX pulse, so, the on-axis part of the pulse is
also transform limited and should pass through the wedges
unchanged, i.e., without any additional spectral phase shift.
Consequently, the wedges should be produced and aligned so
that their thickness is zero on the optical axis. As the apex
angle of the wedges is very small in our setup(Q.7°), this

is not a very practical approach and we consider the finite
thickness on the axis as the source of additional spectral

A

Intensity (arb. units)

} J (1(”!") phase shift instead. Thus, the composite spectral phase shift

600 800 1000 of the FWM generator can be described as the phase distor-
tion introduced by the substrate of the diffraction grating and

(b) by a glass plate of the material of the wedges, the thickness

of which is equal to the thickness of the wedges on the op-
tical axis.

Apparently the introduced spectral phase shift can be
eliminated by applying conjugate phase distortion to the ini-

waves. However, as the cross-correlation measurement techliS can be done by means of the dispersion compensation
nique has been chosen, we do not need transform-limiteechniques routinely used in femtosecond optics. However,
femtosecond pulses as the input light field. Instead, we caie take a more straightforward approach and simply balance
use a source of a stationary white noise. This is the caséhe arms of the interferometer by inserting material disper-
because the time-integrated mutual intensity recordings ar@ion into the reference arm of the setup by means of two
insensitive to phase relations between different temporafPpropriate glass plat¢&P1 and GP2 in Fig. 4 N
Fourier's components of the field, i.e., the intensity record- In principle, the femtosecond pulses are also sensitive to
ings are sensitive only to the changes of relative phases dhe dispersion of the air and we should replagéy k,n(w)

the temporal Fourier’ components in the two arms of thell Eds.(7)—(9), n(w) being the refractive index of the air.
interferometersee Ref[28] for examplé. In our experiment ~ This modification yields the following equation for the sup-
we used the filtered light form a superhigh pressure Xe-ar®0rt of the angular spectrum of plane waves of the FWM:
lamp, giving~6 fsec correlation time for the input fie[dee

FIG. 5. (a) A typical interferogram in the setup as recorded by
the CCD camera(b) the power spectrum of the light used in our
setup.

Fig. 5(b) for the power spectrum of the light 1)
The well-known drawback of the choice is the hugely » Y C_O_ZB
reduced signal level—to ensure good transversal coherence GF(— =arcco§ —— |, (1)
over the clear aperture of the setup the white light has to be 0 n(w)ﬂ
spatially filtered by means of a pinho{lfH in Fig. 4. The Co

required diameter-15 um of the pinhole and focal length
2 m of the collimating Fourier lens L1 was estimated fromwherec, is the velocity of light in vacuum. In fact, E¢11)
the van Cittert-Zernike theorerf29] for the mean wave- is of quite general interest, as it defines the support of angu-
length of the lightA ;=800 nm. As a result of the filtering, lar spectrum of plane waves to the wave field that propagates
the total power of the signal on thel1.5-cnf CCD chip was  without any longitudinal or transversal spread in linear dis-
~0.03 uW. persive media. This approach—to use predetermined angular
Due to the short coherence time of the source field, thalispersion to suppress the longitudin@nd transversal
experiment is also highly sensitive to the phase distortionslispersion—thought differently formulated, has been already
(spectral phase shjftntroduced by the dispersive optical el- used in Refs[15,30,3]. However, in interferometric experi-
ements of the system—the beam splitters and the FWM germents we can use E(R) instead of Eq(11) as long as the
erator. In the FWM generator there are three possible sourc@sms of the interferometer are of equal length.
of undesirable dispersior(1) the propagation in the glass  To finish this section we note the following. Obviously we
substrate of the diffraction grating2) the propagation be- should keep in mind that we are measuring interference pat-
tween the grating and the axicon where the support of anguerns of the partially coherent wave fields, not of the
lar spectrum of the wave field is not appropriate for the freeransform-limited optical pulses. However, due to the known
space propagation, i.e., it does not obey &, and(3) the  insensitivity of the interferometric experiments to the phase
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dkya* (ky) b (ky)cogkyp sin (k)

the wave fields and for the convenience of the representation<F§DVP>: 0

we will not call attention to this circumstance in what fol-
lows and, for brevity, use the terminology of the coherent, Xexfd —iki{zcosor(k,) —ct}]

pulsed optical wave fields instead. In our forthcoming publi-

cation we will present the following discussion in the terms fx . B

of second-order coherence theory. X 0 dkea(ke)be(kjexpikz{z=c(t+7)}] ),

relations between different temporal Fourier’s components of < J

(18
V. MATHEMATICAL DESCRIPTION

OF THE EXPERIMENT so that

In our experiment the superposition of the two tilted -
pulses—the 2D FWM—interferes with a plane wave pulse <F§DVP>:f dkA(k)bg (k)bp(k) X cog kp sin (k)]
Vp, 0
Xexfq —ikz{cosf(k)—1}—ikcr]. 19
V(r,t)=Fap(r,t) +Vp(r,t). (12 i toos6e(k) -1} 7! 19

Assumingy=1 and using Eq(2) we get
Here

. (FioVe) = exfi267] | dkA(bE (K)bp(k)
Vp(r,t)=f dk a(k)bp(K)exdik{z—c(t+7)}], (13 0
0 x cog kp sin g (k) Jexd —ikcr].  (20)

bp(k) being the spectral phase shift introduced by the optic
in the reference arm of the interferometdr, (k)| =1, andr
denote the time delay between the two pulses. For the 2
FWM we have

?f the arms of the interferometer are balanced, the relation
IS)é(k)bp(k)zl holds and we have

<F§DVP)=exp[i2,82]JOcdkA(k)xcos{kp sinO:(k)]
Fap(r,t) 0

w Xexd —ikcT]. (21
= f dk a(k)bg(k)cos[ kxsin 6 (k)]

0 Equation(20) can also be given in the form

X exfik{z cosé(k)—ct}], (14 .
* _ .
wherebg(K) is the undesirable spectral phase shift from the (F2oVe) fo diAkjcogkp sinde(k)]
2D FWM generator,|be(k)|=1 (the nature of the phase
functionsbp(k) and bg(k) has been discussed in the pre-
ceeding section The averaged intensity of the resulting
wave field can be expressed as

X exfg —ikzcosOg(k)+ikc(tg—17)], (22)

wherety=2z/c and the constant has the interpretation of be-
ing the time that a wave field propagating at group velocity
travels the distanceto the plane of measurement. The inte-
gral expressiori22) is very similar to the one describing the

) spatial amplitude distribution of the 2D FWM'’s E(f), the
where the angle brackets mean time average and we haygy difference being that the frequency spectrum is replaced
omittgd the arguments (t).for brevity. The first term in the by the power spectruni(k) in Eq. (22). Nevertheless, we
sum is the uniform intensity of the plane wave pulse, cannot claim, that we actually detect the spatial amplitude
distribution of the wave field under investigatidsee also
Ref. [14] for a relevant discussignindeed, as the absolute
phases of the plane wave components are inevitably lost in
interferometric experiments, we cannot say anything about

A(k)=a* (k)a(k) being the power spectrum of the wave the instantaneous amplitude distribution of the wave field.

field. The second term is the time-averaged intensity of th&!OWever, the interferogramso carry information about the
2D FWM, supportof the angular spectrum of plane waves—if the arms

of the interferometer are balanced and the angular dispersion
- of the monochromatic plane wave components of the gener-
<F§DF2D>ZJ dkA(k)coS[kxsin(k)]. (17 ated wave field is indeed as defined by E2), the interfer-
0 ence patterns, described by Eg2), show the spatial ampli-
tude distribution of the corresponding transform-limited
For the third term we get wave field.

(V*V)=(VEVp)+(F5pF2p) +2 REF5,Vp), (15

(VEVp)= j:dkA(k), (16)
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XA

z=0m z=0.25m z=05m

FIG. 6. The interference pattern in the setup as the function of
the delay between the signal and reference wave fields in three
positions of the CCD camer@ee text for more detailed descrip-
tion).

VI. THE EXPERIMENT

Our aim is to prove that the wave field generated in our
setup shows all the characteristic properties2id) FWM's (®)
mentioned in the previous sections: the spatial amplitude dis-
tribution of the generated wave fields defined in the end of FIG. 7. The interference pattern as the function of the CCD
the preceding sectigrshould be transform limited and show camera positiorisee text for detailed descriptipn
the characteristi& branching in Fig. tb); it should propa-
gate without transversal or longitudinal spread at the speetb the third most important term in this sum. It can be seen
of the light in vacuum ¢9=c), its on-axis group and phase from Fig. 5a), that due to the low signal level the recorded
velocities should not be equab{#vP). To accomplish the interferograms are quite noisy. To get the better signal-to-
task we use the direct correspondence between the descripeise ratio, we took the advantage of the known symmetry of
tion of the 2D FWM’s in Eq.(6) and the description of the experiment and summed each interferogram vertically up
interferograms in our experiment in E@2). and used the resulting one-dimensional data arrays instead.

In the first experiment we recorded the time-averaged in- The results of the experiment are depicted in Fig. 6. We
terference pattern of the 2D FWM and the reference wavean see that there is a good qualitative resemblance between
field as the function of the time delay between the two. Thethe measuredr plot of the interference pattern and the the-
experiment can be mathematically modeled by varying paeretical amplitude distribution of the 2D FWM's in Fig(l.
rameterr in Egs. (15—(21). We scanned the time delay at In Fig. 6 one can clearly see the characteridtibranching
three z-axis positions,z=0 cm, z=25 cm, z=50 cm (the  and the two interfering tilted pulses can be clearly recog-
origin of the z axis is about 30 cm away from the beam nized in the picture. Also, the wave field is definitely
splitter BS2 in Fig. 4. In each experiment we recorded 300 transform-limited, so we have managed to compensate for
interferograms, the time-delay step was 0.43 fsedhe spectral phase shift of the 2D FWM generator.
(0.13 um). We can also see that the interference patterns do not show

In a typical interference pattern in our experim¢aee up any spread over the 0.5 m distance, consequently, the
Fig. 5(a)] the sharp vertical interference fringes in the centerwave fields do not spread in the course of propagation.
correspond to the second term in the interference &5R— An additional detail can be found in Fig. 6: the tilted
this is the “propagation-invariant” time-averaged intensity pulses do not extend across the whole picture but are cut out
of the 2D FWM. The fringes can also be interpreted as thdsee dashed lines in Fig).6Also, the “edges” of the tilted
autocorrelation function of the interfering tilted puldege pulses move away from the optical axis. This effect can be
Fig. 5(b) for the corresponding power spectrirm this ex-  clearly interpreted as the consequence of the finite extent of
periment the intensity of the wave field under study does nothe tilted pulses, as illustrated in Fig(aB [20]—the dashed
carry any important information, so we subtracted it numeri-lines simply mark the borders of the volume, where the two
cally from the results in Fig. 6. The interference fringes thattilted pulses intersect, i.e., the borders of the volume, where
are symmetrically at both sides of the central part corresponthe 2D FWM existdsee the striped area in Fig(a3].
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In the second experiment we recorded the interferencenatedz,~7.5 cm, so thaiB~42 rad/m, which is in good
pattern as the function of the propagation distamc&he  agreement with the theory.
experiment can be simulated by varyingoordinate in Eq. Thus, we have shown that the generated wave field has all
(21). We recorded 240 interferograms, the step of the CCQhe characteristic properties described in the previous theo-
camera position was 3.1 mm. The numerical simulation ofetical sections and the validity of the general idea has been
the experiment together with the results of the experimengiven an experimental proof.
are depicted in Figs.(@ and 1b), respectively.

The experiment can be easily interpreted—as the gener- VIl. CONCLUSIONS
ated wave field is propagation-invariant, the position- . . .
invariant envelope of the interference pattern is the conse- In th_'s paper we presented the experimental ewo_lence of
quence of the fact that the group velocity of the 2D FWM iSthe optical realizability of the fundamental LW solutions—

c (the reference plane wave pulse propagates with this veloépmtj.S wa;/te mc:jdes. We cc;rlls\;c\;Ll\J/lc,ted ?jn g;t)tllcal dsetupltfo][ gen-
ity). The z-dependent finer structure of the interferograms jseration of two-dimensiona S and obtained resufts from
terferometric measurements of the generated wave field

the consequence of the fact that the phase velocities of tH L - . ,
plane wave pulse and 2D FWM are not equal, i.e., we hav at exhibits all the characteristic properties of the FWM’s.
e F ence, our general idea of optical generation of FWME],

alsov9#vP for the phase and group velocities of the 2D . .
FWM (see also Ref[20]). The result of the experiment in as well as the principles of our setup are Va“d. anq can be
used to carry out more advanced experiments in this field.

Fig. 7(a) shows a good qualitative agreement with the theory.

We can also determine the parametgr from our
experiment—the exponent multiplier in Ed21) reads
exfdi2Bz], thusB= m/zy, wherez, is the period of the varia- This research was supported by the Estonian Science
tions along thez axis. From the result in Fig.(@ we esti-  Foundation.
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